We provide the quantum mechanical description of the excitation of long-range surface plasmon polaritons (LRSPPs) on thin metallic strips. The excitation process consists of an attenuated-reflection setup, where efficient photon-to-LRSPP wavepacket-transfer is shown to be achievable. For calculating the coupling, we derive the first quantization of LRSPPs in the polaritonic regime. We study quantum statistics during propagation and characterize the performance of photon-to-LRSPP quantum state transfer for single-photons, photon-number states and photonic coherent superposition states.
I. INTRODUCTION
Plasmonics [1] is a rapidly growing area of research based at the nanoscale that is currently experiencing intensive studies by researchers from many areas of the physical sciences [2] . Plasmonic-based nanophotonic devices using surface plasmon polaritons (SPPs) have recently started to attract much interest from the quantum optics community for their use in quantum information processing (QIP) [3, 4, 5, 6] . At present, it is essential that practical techniques are properly developed for efficiently generating and controlling plasmonic excitations at the quantum level. In order to do this, a rigorous quantum mechanical model must be included for describing how photons and different forms of SPPs interact. With a clear description and theoretical understanding of these interactions, the rapid development of novel QIP applications, using nanostructured devices based on linear and nonlinear plasmonic effects [5, 7] will become possible.
In this work, we adapt and extend techniques recently introduced by us [8] to provide the first quantum mechanical description of the coupling between single-photons and SPPs on thin metallic strips, also known as long-range SPPs [9] (LRSPPs). Here, an attenuated-reflection (ATR) setup is described, that has so far only been considered for classical LR-SPP generation [10] . In order to introduce the Hamiltonian for the interaction, we derive the first quantized description of the LRSPP fields in the polaritonic regime [9] . We find that high quantum efficiencies can in fact be reached for photonto-LRSPP wavepacket-transfer upon appropriate modification of the ATR geometry. We comment on the extent to which the excited LRSPPs preserve quantum statistical features of the original photons as they propagate along realistic metallic strips. We then characterize the performance of photonto-LRSPP quantum state transfer, focusing on an informative example of the transfer of coherent superposition states [11] . Recently, we have become aware of an experimental effort to transfer a similar type of nonclassical field into a LRSPP [12] .
The benefits of exciting LRSPPs in this configuration compared to the previously studied standard single-interface * Electronic address: m.tame@qub.ac.uk SPPs [8, 13] include a significant increase in the propagation length, together with the support for both transverse magnetic (TM) and transverse electric (TE) polarization degrees of freedom, given the correct lateral width and thickness of the metallic strip [14] . Therefore they have the potential to open up a wider variety of QIP applications, where this type of additional flexibility is necessary. The work we present here provides a valuable description of the physics of photon-SPP coupling in multilayer geometries at the quantum level and the new methods we have developed specifically for this task should be well-suited to other complex SPP excitation scenarios, such as grating [15] and end-fire [16] techniques.
The paper is structured as follows: In Section II, we provide the quantum mechanical description of LRSPPs. We also introduce the ATR setup used for the excitation of LRSPPs with single photons and the coupling Hamiltonian for the fields. In Section III we analyze this coupling for single modes of the system as well as for wavepackets involving single-photons and photon-number states. From this analysis we determine the transfer efficiencies of photons to LRSPPs over a range of input frequencies. In Section IV we then examine the extent to which quantum statistics of the injected photons are preserved during transfer and propagation of the excited LRSPPs. In Section V we characterize the performance of photon-to-LRSPP quantum state transfer, providing an illuminating example of the transfer of coherent superposition states. Finally, Section VI summarizes our main results.
II. EXCITATION SETUP
LRSPPs are nonradiative electromagnetic excitations associated with electron charge density waves propagating along the interfaces of a dielectric-metal-dielectric configuration [9] . In Figs. 1 (a) and (b) we show the ATR setup and geometry utilized for single-photon excitation of LRSPPs. It consists of four layers: a metallic layer (with permittivity ǫ 3 = ǫ m ), two dielectric layers (with ǫ 2 = ǫ 4 = 1), and a prism (ǫ 1 ). We consider the metal as silver in this work only to illustrate our main results, with the theory developed supporting a more general setting. For LRSPP excitations, due to the collective nature of the electron charge density waves, a macroscopic picture of the electromagnetic field produced is appro-priate [9, 17] . Upon quantization, LRSPPs are found to correspond to bosonic modes. A brief outline of this quantization is given in the Appendix. It is well-known that classically two types of TM surface modes are found for the geometry depicted in Fig. 1 (b) : An antisymmetric mode, denoted by eigenfrequency ω + and a symmetric mode denoted by ω − . The quantized vector potential in the continuum limit for these modes propagating along an air-metal-air interface in thex direction, as shown in Fig. 1 (a) , is found to bê
Here N ± (ω ± ) is a frequency dependent normalization and W is the beam-width [18] . For both ω + and ω − theb(ω)'s (b † (ω)'s) correspond to bosonic annihilation (creation) operators which obey the quantum mechanical commutation re-
The modefunctions are given by
where the wavevector k = kx, ϑ(z) is the Heaviside step function and the decays into the metal and air are parameterized by ν
respectively. The dispersion relation between ω ± and k is
where d 1 is the thickness of the metallic strip. The solutions of this equation, given by ω ± (k), correspond to two different types of coupled plasma excitations at the metal-dielectric interfaces 2/3 and 3/4 shown in Fig. 1 (b) , which oscillate synchronously out-of-phase (+) and in-phase (−). The dependence of these solutions on the wavevector and slab thickness are shown in Fig. 2 (a) , where silver has been chosen as an example having permittivity [20] with ω p = 1.402 × 10 16 rad/s and δǫ r = 29ω 2 /ω 2 p . For a fixed value of d 1 , they evolve above (+) and beneath (−) the dispersion relation known for SPPs at a simple air-metal interface [1] , and move closer to this curve as either k or d 1 grows [9] , approaching the limiting value ω sp (where ǫ m = −1) as k → ∞ for any d 1 . While only the ω + excitations have long-range propagation lengths, due to damping (addressed in detail in Sec. IV), here we consider both excitations as 'long-range' in order to give a more complete description of the physical system.
Following the diagram depicted in Fig. 1 (a) , let us consider an incoming photon propagating in the air with direction given by the unit vectork ′ = sin θx + cos θẑ and corresponding
The vector potential is given by [18] 
Here, A is the beam-width, with theâ(ω)'s andâ † (ω)'s satisfying bosonic commutation relations. The impossibility to fulfill the mode-matching conditions between the branches ω ± (k) and the incoming photon beam, with dispersion rela- Fig. 2 (a) ), can be overcome in the ATR configuration by using a prism with dielectric constant ǫ 1 > ǫ 2 = 1, placed at a distance d 2 over the surface of the metal. This modifies the dispersion relation of the incoming photon beam to ω(k Fig. 2 a) . For θ greater than the critical angle, an evanescent photon field is created below the prism surface due to total internal reflection [13] . This provides a mechanism for achieving the coupling between the photon and LRSPP, as the x component of the transmitted wavevector remains unchanged (see Fig. 2 (b) for mode-matching θ values). In order to model the ATR geometry, we make use of the 4-layer (4L) configuration in Fig. 1 (b) . The modefunctions are given by
where r and τ denote reflection and transmission coefficients, |r(ω)| 2 + |τ (ω)| 2 = 1, ∀ω. These coefficients, together with the modefunctionsψ(r, ω) and ψ(r, ω) are determined by solving Maxwell's equations for the incoming photon field, as in the classical coupled mode approach. In what follows, we will show how the r and τ coefficients are combined with the quantum mechanical operators associated with the modes to derive the quantum coupling model. The modefunctioñ ψ(r, ω) possesses a real component of the wavevector in theẑ direction and therefore cannot meet the mode-matching conditions required for coupling to LRSPPs. Only the modefunction ψ(r, ω) is involved in the coupling of photons to LRSPP's and we have
where the κ i 's are vector-valued functions related by boundary conditions at the interfaces, while γ
Within a linear response regime [8] , the process of coupling between the photon field and the plasmon field can be described in the Heisenberg picture by a transformation matrix T (ω) as
The transfer process is depicted in Fig. 1 (c) . The applicability of a linear approach is fully justified in this context, as we are interested in the description of the excitation of LRSPPs by a weak intensity photon field [19] . The coefficients of T (ω) are determined through the overlap of system modefunctions, while the commutation relations of the quantum operatorsâ(ω) andb(ω) properly define the structure of T (ω) as a valid unitary quantum transfer matrix [21] . The operatorsb in/out are associated with the in/out LRSPP modefunctions φ ± (r, ω) in Eq. (2), i.e. b in =b, whereasâ in/out are associated with the in/out modefunctions Ψ(r, ω) of the 4L configuration. Here we assume that the photon field experiences negligible losses as it enters the prism and setâ in =â. Thus, we have
with φ ± (z, ω) and ψ(z, ω ′ ) denoting the z−dependent part of the functions in Eqs. (2) and (5), with normalization factors N ± 1 and N 2 respectively. Expression (7) can be obtained using classical coupled mode theory. However, how the value of β(ω) enters into the quantum coupling model of Eq. (6) is determined by the commutation relations of the mode operatorsâ(ω) andb(ω) which define T (ω). A derivation of the coupling based solely on a classical electrodynamics approach is unsuitable when one considers properties that are explicitly dependent on the quantum operators associated with the modes of the excitations. For instance, a description of the excitation of LRSPPs by an n-photon state of light would not be possible. This issue is discussed in more detail in Sect. IV.
In describing the coupling process so far, we have used the Heisenberg picture. However, in many practical situations, it is more convenient to work in the Schrödinger picture, where the coupling is described by the following Hamiltonian
III. PHOTON-LRSPP TRANSFER
In this Section we investigate the optimization of the coupling coefficient g(ω) for a given range of parameters d 1 , d 2 , and ω. For clarity we will handle the dependence on all three variables by first optimizing the coupling over In deriving the modefunctions φ ± (r, ω), we have assumed negligible damping in the metal for the surface plasmon field during the transfer process, allowing us to treat damping as the LRSPP propagates separately from the excitation process.
For the optimization, some additional restrictions must be taken into account. First, under realistic conditions, the incoming photon field does not constitute a genuine monochromatic wave, but instead consists of a wavepacket with, for instance, a well-localized Gaussian distribution in frequency. This implies that both ω + and ω − surface plasmons are susceptible to being excited by the incoming wavepacket. For example, if the incidence angle θ and the parameters, d 1 , d 2 , and ω, are set in order to achieve the excitation of one of the surface plasmons, either ω + or ω − , it is possible that the other one might also be excited, due to the bandwidth of the wavepacket. To limit this effect we introduce a bandwidth parameter,
Here, ∆ω is the bandwidth of an incoming Gaussian wavepacket, which we set as ∆ω = 3.02 × 10 13 rad/s, and is centered on ω = ω ± for B ± . For a set d 1 and ω ± , such that B ± ≥ 1, the possibility to excite both surface plasmons simultaneously is very low. The values of B ± are shown in Figs. 3 (a) and (b) and indicate that only large values of d 1 and low ω suffer from the possibility of simultaneous excitation. Note that the region corresponding to large frequencies and low d 1 in Fig. 3 (b) has been subtracted. This is because the dispersion for the symmetric excitation ω − (k) can never reach these frequencies for the range of d 1 considered (see inset of Fig. 2 (a) ). This is applicable to all the plots for the symmetric excitation.
A second restriction related to the optimization of the coupling parameter is the extent to which the LRSPP modefunctions φ ± (r, ω) penetrate into the prism. If the LRSPP field penetrates too much, the modefunctions should be modified to include the presence of the prism. In order to check the validity of using φ ± (r, ω), we introduce a penetration factor, P ± = 2/ν ± 0 d 2 , which depends on the three parameters d 1 , d 2 , and ω. Here, P ± ≤ 1 signifies that φ ± (r, ω) at z = −d 2 is less than 2% its maximum value. The dependence of this factor on d 1 and ω is depicted in Figs. 3 (c) and (d) . The values of P ± shown correspond to the optimized coupling coefficient g(ω) (over the parameter d 2 ) for any pair of values of d 1 and ω. Since the value of g(ω) could deviate significantly from the true coupling in regions where P ± is large, due to the weak approximation of φ ± (r, ω) to the true modefunctions, we must ensure g(ω) meets the condition P ± ≤ 1.
A final restriction concerns the coupled nature of the LR-SPP field. LRSPPs originate from the existence of coupled SPPs at both dielectric-metal interfaces of the metallic strip. For any finite value of the metal thickness, d 1 , it is always possible to find a solution of the dispersion relation Eq. (3). However, the interaction strength between both SPPs decays exponentially as d 1 grows and the LRSPP evolves into two single SPPs. Due to a lack of symmetry during the singlephoton excitation in the 4L configuration, the incoming field may be concentrated on the nearest metal surface to the prism, without reaching the other side. If the metal thickness is large enough, then it becomes impossible to excite any LRSPP. In order to account for this decoupling, we introduce a coupledsurfaces parameter,
This factor quantifies the extent to which the field penetrates into the metal (see Eq. (2)) to maintain a coupling between both SPPs, depending on the parameters d 1 and ω. In Figs. 3 (e) and (f) the parameter C ± remains above 1 over the entire range considered, except for large values of d 1 and low ω. Note that the restrictions and parameters introduced here also apply to the classical case, as they depend only the classical modefunction structure.
While the penetration restriction was introduced previously in the context of single interface SPP excitation [8] , the bandwidth and coupling restrictions are new parameters emerging directly from this investigation of a multilayer configuration. With all three of these important restrictions properly identified for the system, we are now in a position to correctly optimize the value of the coupling g(ω). In Figs. 4 (a) and (b) we show the normalized coupling parameter, |g ± (ω)| = 2|g ± (ω)|/π, after being optimized over the variable d 2 and subject to the restrictions B ± ≥ 1, P ± ≤ 1, and C ± ≥ 1. The regions where these restrictions could not be met have been subtracted. Here a value of |g ± | = 1 (0) corresponds to the transfer of a photon field to a LRSPP with unit (zero) probability. The highlighted paths correspond to the maximum coupling achievable. These paths are shown separately in Figs timal quantum excitation methods in the context of multiple interfaces.
IV. LRSPP PROPAGATION
As excited LRSPPs propagate along the metal surface they experience loss due to finite conductivity of the metal and surface roughness. This results in heating and radiative losses respectively [23] . For a reasonably smooth surface, thermal loss is the main source of damping [1] . In order to include this loss mechanism for the LRSPP excitations, we follow a standard phenomenological approach, using a bath of quantized field modes [22, 24, 25] . The main advantages of this model are its simplicity and that it leads to the same physical conclusions as a more rigorous derivation [26] . We consider an array of N = x/∆x discrete, equally spaced beamsplitters, as depicted in Fig. 5 (a) . The upper ports represent the spatial evolution of the operator for a propagating LRSPP, with inputb out (ω) and outputb D out (ω) after a distance x. The lower ports consist of a bath of field excitations,ĉ i (ω), i = 1, . . . , N , which are independent and satisfy quantum mechanical bosonic commutation relations
After applying successively the beamsplitter transformations, together with the continuum limit N → ∞, ∆x → 0, such thatĉ m (ω) → √ ∆xĉ(ω, x ′ ) and δ mn → ∆xδ(x − x ′ ), the operator of a damped LRSPP at point x can be written as [22, 25] 
Here we have introduced the complex wavenumber K ≡ K(ω) = k(ω)+iκ(ω). This stems from solving the dispersion relations of the LRSPP excitations with the complex-valued dielectric function of the metal ǫ m . Under the above conditions, the output LRSPP remains a bosonic excitation, with the appearance of the second term inb D out (ω) from the bath of field excitations preserving this bosonic nature. We now define the time dependent creation and annihilation operators through the inverse Fourier transform of the frequency dependent ones, for instance,b(t) = (2π)
Although the limits of integration over the frequency are (−∞, ∞), we are interested in the case of a narrow wavepacket centered on frequency ω 0 with bandwidth ∆ω ≪ ω 0 , thus ω ∈ (0, ∞) can be taken. To calculate the mean flux of LRSPPs at a point x and time t after their excitation, we can write [22, 25] 
where we have used [8, 22] 
Due to the small bandwidth of the wavepacket we are considering, the imaginary part of the LRSPP wavenumber remains essentially constant around the central frequency, i.e. κ(ω) ≈ κ(ω 0 ) ≡ κ 0 , whereas the real part can be approximated by truncating its series up to first order,
G (ω 0 ) = ∂k(ω)/∂ω| ω0 is the inverse of the group velocity of the LRSPPs at the central frequency ω 0 (for either ω
The mean flux of LRSPPs at point x and time t therefore equals that at x = 0 and time t R = t − x/v G , but damped by a factor e −2κ0x due to losses incurred during the propagation. We now consider an incoming n-photon wavepacket state [22] entering the prism with frequency profile ξ(ω), given by
and for simplicity we use the Gaussian profile
, where σ = ∆ω/(2 √ 2 ln 2) and t 0 is the time of injection. The mean number of LRSPPs that can be detected at point x is obtained by integrating f
where µ parameterizes the detector efficiency [27] , and we have used the fact the LRSPP coupling does not vary appreciably over the bandwidth considered [8] , i.e. β(ω) ≈ β(ω 0 ).
Figs. 5 (b) and (c)
show m = m /n, for ω + and ω − respectively, along x for the optimized β(ω) (and therefore g(ω)) obtained from Figs. 4 (c) and (d) . It is interesting to see the positive effect that the structure of the ω + excitations has on damping reduction compared to ω − .
While the observables m ± match well the behavior of their classical counterparts [1] , the field intensity I, we must emphasize that the formalism presented here provides a more complete description of the LRSPPs; we are now able to investigate the behavior of quantum statistics. In particular, in order to show that the LRSPP field has quantum characteristics, we need to consider the zero time-delay second-order quantum coherence function g (2) (0) at a fixed position [22] .
This observable is defined as g (2) (0) = :
whereÎ is the intensity of the quantized field operator, : : denotes normal-ordering of the quantum operators and the expectation value is taken over the initial state of the field. It has been noted recently [8] , that as the photon-to-surface plasmon transfer and propagation stages constitute an array of lossy beamsplitters [27] , g (2) (0), which is equal to m(m − 1) / m 2 for an incident n photon wavepacket, remains unaffected by the entire conversion process. This is to be expected [22] , because at a beamsplitter with loss coefficient η 1/2 , the quantum observables m → η m and
. Thus, the individual losses accumulated from the transfer and damping processes cancel due to the form of g (2) (0). For a classical field 1 ≤ g (2) (0) ≤ ∞. Thus g (2) (0) for a propagated LRSPP will always lie in the classically forbidden region g (2) (0) < 1. A Hanbury-Brown Twiss type experiment [28] could be used to measure g (2) (0). Here, single-photon detection-based techniques could be employed. One might use an additional prism to convert the LRSPP excitation back into a photon and indirectly measure the signal with avalanche photodiode detectors. A more direct approach would be to use avalanche-type plasmonic detectors [29] embedded within the metal surface to directly probe the surface plasmon's excitation signal. In either approaches, the detection data from many identical excitation processes would be required in order to determine the overall quantum expectation value of g (2) (0). This repetition technique is used frequently in quantum photonic experiments [30] and could be achieved easily by using a steady rate of single photons injected into the prism at set time intervals.
V. QUANTUM STATE TRANSFER
The ability to interconvert a quantum state between two kinds of physical system is an important requirement for QIP and is one of DiVincenzo's criteria [33] for quantum computing and communication. As an example of efficient quantum state transfer from photons to LRSPPs using the theory developed in the previous sections, we consider a superposition of coherent states [11] . These states reside in a single field mode consisting of superpositions of two coherent states of equal amplitude separated in phase by 180
• and written as
Here |±α = exp(−|α| 2 /2)
2 ) cos ϕ] −1/2 . When α is real, |ψ for ϕ = 0 is orthogonal to the state with ϕ = π, regardless of the size of α. Therefore one can use |ψ ϕ=0 and |ψ ϕ=π as a logical basis for QIP [34] . For the remainder of the paper, we will focus on |ψ ϕ=0 as our example basis state.
Photonic superpositions of coherent states injected into the prism can be transferred to a quantum state of LRSPPs under the transformation matrix T (ω) given in Eq. (6) . The unitary transformation defined by T (ω) acting on the input product state |Ψ in = |ψ ain |0 bin produces the state
where the coupling coefficient g(ω) = sin −1 |β(ω)| is used, with phase Φ absorbed into the definition of the incomingoutgoing fields [21] . Tracing out the unobserved photon mode a out of the photon-LRSPP system, the final state of the LR-SPP mode b out for a specific frequency ω is given bŷ
where c 0 = exp[−2α 2 cos 2 g]. We now consider the damped propagation of these excited LRSPP coherent superposition states as they travel along the surface of the metal. This analysis complements well the study performed in the previous section on amplitude damping of the LRSPP field. In contrast to before however, we now have a coherent superposition of an LRSPP excitation and we seek to characterize the effects of loss of coherence in this state, more commonly referred to as decoherence. Using the identity for the damped LRSPP field operatorb D out in Section IV, and applying it to an excited coherent superposition state wavepacket of central frequency ω 0 , as described by Eq. (14), a straightforward calculation leads toρ
+ c 0 c(x) α sin g e −κ0x −α sin g e −κ0x
+ c 0 c(x) −α sin g e −κ0x α sin g e −κ0x
+ −α sin g e −κ0x −α sin g e −κ0x ), (15) where
It is easily seen from Eq. (15) that as LRSPP coherent superposition states propagate along the metal surface, the initial superposition evolves into a statistical mixture of coherent states due to the factors c 0 c(x). As the coefficients of the off-diagonal elements of the density operator expressed in the coherent state basis vanish fastest, the initial mixture of the coherent state superposition tends toward a classical mixture (dephasing) at early times, eventually moving toward the vacuum state (amplitude damping) at long times. The coefficients of the offdiagonal elements also indicate that the greater the value of α, the more quickly quantum coherences will decay through a dephasing type process of the LRSPP state [37] .
A characterization of the loss of coherence in a quantum state can be investigated using the von Neumann entropy [35] defined as S V = −Tr(ρ lnρ). The von Neumann entropy is a monotonic function of the linear entropy for a two-level quantum state of a single mode [36] . The evaluation of the von Neumann entropy requires, in general, the diagonalization of the density operatorρ. Fortunately, the density operator of coherent superposition states with α ∈ R can be decomposed into the orthonormal basis |± = N ± (|α sin g e −κ0x ± |−α sin g e −κ0x ), with
where
) are eigenvalues corresponding to eigenstatesρ ± (x) = |± ±|, together with λ + (x) + λ − (x) = 1. The von Neumann entropy is then simply S V (x) = −λ + ln(λ + ) − λ − ln(λ − ). In Fig. 6 we show the dependence of S V on the frequency and the distance traveled for specific values of α. From Fig. 6 one can see that the greater the value of α, the more quickly the entropy increases toward unity, and thus the mixedness of the state increases, indicating a greater loss of coherence due to dephasing, an effect noted earlier [37] . Moreover, one can see from the left hand (ω + ) and right hand (ω − ) columns of Fig. 6 that, for a given value of α, the entropy slowly increases for the ω + LRSPPs compared to the ω − excitations as they propagate. This effect is related to the amplitude damping process observed in Sec. IV for the propagation of LRSPP-number states and is due to the smaller value of κ 0 for a given mode frequency for the ω + excitations, a result of the structure of the modefunctions and their corresponding dispersion relation. According to Jeong et al. [38] mixed macroscopic superposition states can, in some cases, be more robust with respect to decoherence than their pure state counterparts. We expect this study to be useful in future work on the optimization of quantum state transfer of photons to LRSPPs and the consideration of different forms of SPPs on multiple interfaces.
VI. CONCLUDING REMARKS
We have provided a fully quantum-mechanical description of the photonic excitation of LRSPPs using a versatile ATR geometry. In order to do this it was necessary to quantize the LRSPP field, which we included as an appendix. With this, we described the photon-LRSPP coupling mechanism by means of a linear Hamiltonian and optimized the coupling efficiency over a wide-range of parameters accessible to the setup. We found remarkably good transfer efficiencies. A phenomenological model was then used to account for damping as the LRSPPs propagate, where the long-range behavior of the excitations manifested itself through quantum interactions with an environment. The effect of finite bandwidth for the incoming photon field on the coupling optimization and on the propagation of a LRSPP wavepacket along the metal surface was also discussed. We studied the quantum statistics of the excited LRSPP fields and provided an outline of how one might experimentally investigate them. Finally, we characterized the performance of photon-to-LRSPP quantum state transfer, providing an informative example of the transfer of coherent superposition states [11] . We found efficient transfer and analyzed the loss of decoherence in the states. The work presented here should be a useful starting point for future research into the practical design of novel long-range and multilayer plasmonic quantum-controlled devices based at the nanoscale. Applications in this context include SPP-enhanced nonlinear photon interactions and SPP-assisted photonic quantum networking and processing.
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APPENDIX: LRSPP QUANTIZATION
Here we develop the quantization procedure of Elson and Ritchie [17] for the case of a thin metallic strip. An alternative approach based on the point-ion model for a dielectric slab has been used in Ref. [39] to quantize the long-range plasmonic fields in the polaritonic regime. For quantization in the limit of short wavelengths, i.e. the non-retarded regime, the reader is kindly referred to Refs. [9, 31] .
Classical mode structure.-We start with the geometry depicted in Fig. 1 (b) , where Maxwell's equations in terms of the vector potential A(r, t) lead to
∇ ·Ȧ = e ǫ 0 (n(r, t) − n 0 (r)).
Here ǫ = ǫ(r, ω) is a position and frequency-dependent dielectric function, n(r, t) is the electronic number density of the electron gas, n 0 (r) is the static density in the undisturbed electron gas and e is the electronic charge. We use the gauge φ = 0, where the electric field E = −Ȧ and magnetic field B = ∇ × A. The classical energy residing in both the fields and electron gas is given by [17] 
(19) Here, ϑ eg = ϑ(z)ϑ(d − z) is a step function for the electron gas located in the region 0 < z < d, with ϑ denoting the Heaviside function. In addition, ω p (r, t) = [n(r, t)e 2 /(ǫ 0 m * )] 1/2 is a position and time dependent plasma frequency, with m * the effective electron mass. Following a linearized hydrodynamic approach [17, 32] and taking into account the location of the electron gas, the approximation n(r, t) ≈ n 0 (r) = ϑ(z)ϑ(d − z)n 0 is used. Correspondingly, we have ǫ(r, ω)
, where ǫ(ω) is a real-valued dielectric function for the metal of thickness d sandwiched by two layers of air with ǫ = 1. Note that here we are considering an ideal case with no damping effects in the metal. This simplifies the quantization procedure. However, damping can be introduced at a later stage [8] , as described in the main text. From Eqs. (17) and (18) and the above considerations, we now have the classical field equation
and ∇ · A = 0 in the region z = {0, d}. Here, the usual conditions of continuity of the tangential components of the fields across the planes at z = 0 and d respectively must be satisfied. To find the normal mode solutions for the system, we make the standard Ansatz
where r = xx + yŷ is a vector parallel to the x − y plane, k = k xx + k yŷ and the associated eigenfrequency, denoted by ω k , depends on k. The temporal amplitude N k (t) is assumed to satisfy the oscillator equation
correspond to fields in the z > d, z < 0 and 0 < z < d regions respectively. Consider the following solutions:
Here we focus on TM modes of the system due to boundary conditions [9, 14] . By requiring that the tangential components of E and B derived from A across the planes z = 0 and d are continuous and ∇ · A = 0 elsewhere, one finds the α k 's and β k 's are related to one another, with solutions existing only if e −νmd = ±(ν m + ǫ(ω k )ν 0 )/(ν m − ǫ(ω k )ν 0 ) is satisfied. At a set thickness d there are two possible eigenfrequencies of this equation for a given k, which we denote ω ± k . Thus, there are two sets of coefficients for the α k 's and β k 's for a given k. The most general form of A(r, t) is then
where the eigenmodes are given by 
and the time-dependent amplitudes are given by N ± k (t) = N ± k e −iω ± k t . In the above, we have used α − k as the free coefficient in the coupled boundary equations and absorbed it into the definition of N ± k . Due to the symmetry in the phases of the amplitudes in the φ ± k (z)'s with respect to the center of the metal, the associated field modes are commonly referred [1, 9] to as antisymmetric (ω + k ) and symmetric modes (ω − k ). Discretization and quantization.-We now discretize the classical system and quantize it. The components of k are taken to be k x = 2πℓ x /L and k y = 2πℓ y /L, where ℓ x and ℓ y are integers, with e ik·r satisfying boundary conditions at the planes x = ±L/2 and y = ±L/2. Substituting Eq. (22) into Eq. (19) one finds the total energy of the discretized classical modes given by
, where N ± k is a coefficient with dimensions of length. Using the correspondence with a quantized harmonic oscillator [22] , i.e.
1/2b † k,± , we have the Hamiltonian
along with the vector potential converted to the operator
Here we have φ ± k (r) = φ ± k (z)e ik·r , where the creation and annihilation operators for the quantum excitations satisfy [b k,± ,b † k ′ ,± ] = δ k,k ′ . Continuum limit and beam-width.-We now take the continuum limit using the transformations k → (L/2π) 2 dk andb k,± → (2π/L)b ± (k), leading tô
Next, the excitations propagating in thex direction have a beam-width W imposed in theŷ direction [18] using dk → (2π/W) ky dk x and setting k y = 0, with δ
Finally, we convert to the frequency domain using dk
, where v G (ω ± ) = ∂ω ± /∂k is the group velocity. This gives the quantized vector potential for the ω ± field aŝ
